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ABSTRACT OF THE THESIS

Three-dimensional Point Spread Function Engineering
for High Axial Localization Precision
by
Weiran Wang
Master of Science in Electrical Engineering
Washington University in St. Louis, May 2019
Research Advisor: Dr. Matthew D. Lew

Three-dimensional super-resolution microscopy enables the 3D positions of single fluorescent
molecules to be measured from the 2D images produced by a microscope with nanoscale
precision. However, the point spread function (PSF) of a conventional microscope is ill-suited
for 3D imaging, necessitating the design of engineered PSFs. Although numerous PSFs have
been demonstrated, none of these obtain the so-called Quantum Cramer-Rao Lower Bound
(CRLB). In this thesis, I aim to design 3D PSFs that perform close to this limit by utilizing
two optimization approaches, using a Quasi-Newton algorithm in Matlab and a gradient
descent algorithm in the TensorFlow framework, specifically seeking to relax unnecessary
constraints that have compromised previous approaches. I optimize the performance, e.g.
CRLB in z direction, of each design by testing various loss functions, constraints, and initial
conditions. I show that the localization precision of existing PSFs, such as the Tetrapod and
Double Helix, can be improved using our approach. Further, I design new PSFs, composed of
photon distributions that rotate or translate, that are inspired by existing PSFs but contain
xi

superior Fisher information. I use our optimization framework to design corresponding
optimized phase masks and quantify the performance of these new designs. Using these new
approaches, my dumbbell PSF achieves an average localization precision along z of 12.7 nm
for 1000 signal photons and 2 background photons/pixel over a depth range of 1000 nm, an
improvement of 8.7% over the Tetrapod PSF.

xii

Chapter 1
Background
Optical imaging of a single molecule provides a powerful window to illuminate the properties
of biological cells and materials [1]. Super-resolution fluorescence microscopy is one essential
approach that can localize a single molecule in three dimensions with high spatial precisions
down to tens of nanometers, which allows us to explore the detailed structures of biological
molecules. It generally uses wide-field microscopes and two-dimensional detectors to localize
molecules to much higher precision than the width of a diffraction-limited point spread
function (λ/2N A ≈ 250 nm for visible light) [2]. This thesis describes my contributions
of designing and optimizing point spread functions (PSFs) that can achieve a better axial
localization precision than previous point spread functions.
This Chapter introduces background material related to this thesis. In Section 1.1, I will
introduce the basic knowledge of three-dimensional super-resolution microscopy. In Section
1.2, I will introduce existing 3D PSFs. I will discuss the remaining problem of current PSFs
in Section 1.3.

1.1

Super-resolution Imaging

Three-dimensional super-resolution microscopy is an important technology that enables the
3D positions of single fluorescent molecules to be measured from the 2D images produced
by a microscope with nanoscale precision. The concept of single-molecule super-resolution
imaging are summarized in Figure 1.1.

1

Figure 1.1: Concept of single-molecule super-resolution imaging. While using conventional microscopes to image extended structures (dark green lines), it cannot determine
its precise position because all molecules emit fluorescence simultaneously, their diffraction
limited images (left, light green area) overlap each other and information about the structure
is lost. Single-molecule localization can solve this problem by (photo)chemically or photophysically limiting the number of simultaneously active emitters. By adding an on-off control
and triggering the emitters between dark and fluorescent state, single-molecule localization
can localize the emitter’s position in each frame and reconstruct a super-resolution structure
though combining several frames together. Adapted with permission from Ref [2]. Copyright
2019 American Chemical Society.

After obtaining the frame data, the task remains to be solved is to implement algorithms to
extract precise molecule positions from each frame in order to resolve the sample structure.
Most algorithms used for extracting molecular positions in 2D image data assume the regions
of interest (ROIs) can be defined as only one molecule emitter’s intensity pattern is contained
for every frame. The image of an single-molecule emitter can be well fitted by a symmetric
Gaussian function plus a constant background:


ρ2
Nsig
exp − 2 + Nbg
I(u, v) =
2πσ 2
2σ

(1.1)

with u, v represent the position in image plane, Nsig is total signal photons, Nbg is a constant
background per unit area, σ represents the spot size arising from the diffraction limit and
p
ρ = (u − u0 )2 + (v − v0 )2 , which is the distance from the point source in the image plane
[2].
Two approaches, Least-squares (LS) fitting [3] and Maximum likelihood estimation (MLE)
[4], can be used to fit image data to the model function I(u, v). The algorithm optimizes
I to match the observed PSF. The scoring method of LS is to minimize the square error
2

between observation nk and PSF model µ(θ)
S=

N
X

[nk − µk (θ)]2

(1.2)

k=1

with N represents the pixel number [5]. By using equation 1.1 and 1.2, we can retrieve
a position estimation close to the true value, and how precise this estimation can be is
presented in equation 1.3 [6]:
σ 2 + a2 /12
σ = P SF
Nsig
2



16 8πNbg (σP2 SF + a2 /12)
+
9
Nsig a2


,

(1.3)

which assumes the PSF is a Gaussian function with standard deviation σP SF within area a2 .
Under low background condition, equation 1.3 can be simplified as
σ∝p

1
,
Nsig

(1.4)

which show us how important photon number is for resolving accurate localization [2].
Super-resolution imaging can be achieved by a variety of methods, like the PAINT method [7]
(point accumulation for imaging in nanoscale topography), STORM approach [8] (stochastic
optical reconstruction microscopy), (f)PALM approach [9, 10] (fluorescent photoactivated
localization microscopy) and many others.
For three-dimensional super-resolution imaging, one real challenge is extracting the emitter’s depth information (z position) [2]. The standard point spread function of conventional
microscopes is ill-suited for 3D imaging because it encodes very little axial(z) position information within its intensity and shape [2]. An example of standard PSF is shown in Figure
1.2.

3

Figure 1.2: Standard point spread function at various z positions. Figures are
simulated when Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm,
numerical aperture NA = 1.4, camera pixel size = 58.5 nm.

This problem can be addressed by engineering a point spread function to improve the attainable depth localization precision and reduce the Cramer-Rao lower bound (CRLB) [2],
which quantifies the performance limit of PSFs for encoding axial position information and
can be obtained by calculating the inverse of Fisher information (FI).
Fisher information is a mathematical measure of the sensitivity of an observable quantity
(the PSF) to changes in its underlying parameters (e.g. emitter position) [1, 11, 12]. The
Cramer-Rao lower bound, which is the theoretical best x, y, and z precision can be attained,
is obtained by calculating the reciprocal of Fisher information. Fisher information is given

4

by
F Iij (θ) =

Np
X
k=1

1
Iθ (k) + β



∂Iθ (k)
∂θi



∂Iθ (k)
∂θj


,

(1.5)

where Iθ (k) is the model of PSF in pixel k, Np is the number of pixel and β is the number
of background photons per pixel. The inverse of Fisher information matrix yields the CRLB
matrix, which is shown as


σi2 ≥ F I(θ)−1 ii ≡ CRLBi ,
(1.6)
where i represents x, y and z position of a point emitter.

1.2

Existing PSFs

The PSF describes how light collected from a point emitter is transformed into an image
[2]. In the early 1980s, PSF engineering was used to improve the performance of traditional
microscopy. It is physically implemented within the optical 4f system as shown in Figure
1.3, with the phase mask is placed in the Fourier plane, located half way between the two 4f
lens.
4f system is a 2-lens system has unity magnification and is a cascade of two 2f-Fourier
transform system. Without an aperture in the Fourier (Pupil) plane, the image located in
the image plane is a perfect replica of the object located in the intermediate image plane.
A phase-only mask ψ, e.g. 256 × 256 pixel size, can be put on the pupil plane to filter the
Fourier components of objective that appear in the image plane. PSFs of a phase mask are
given by
I(zi ) = |F {exp(jψ)hdef ocus (zi )}|2
(1.7)
and


q
2
2
hdef ocus (zi ) = exp jn1 kzi 1 − xF − yF ,


(1.8)

where zi is the defocus length, n1 is the refractive index of the immersion media (n1 = 1.518
for an oil-immersion lens), k is the wavenumber, and xF , yF represents the pupil coordinate.
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Figure 1.3: Experimental setup of PSF engineered microscope. With a phase mask
in the pupil plane of a 4f system. Reprinted figure with permission from Ref [1]. Copyright
(2019) by the American Physical Society.

Numerous PSFs have been designed in the past years, like the rotating PSFs, Corkscrew
[13] and Double Helix [14], whose transverse intensity distributions rotate as z position
changes, and the translating PSFs, Tetrapod [15] and Self-bending PSF [16], whose intensity
distributions translate as they propagate. In this thesis, the new PSF’s performance, e.g.
CRLBz (CRLB in z position), will be mainly compared with Tetrapod and Double Helix,
whose phase mask and PSF are shown in Figure 1.4 and 1.5. Figures are simulated when
Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical aperture
NA = 1.4, camera pixel size = 58.5 nm.
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(a) phase mask

(b) rotating PSF

Figure 1.4: Double Helix phase mask and PSF. (a) the 256 × 256 pixel phase-only
mask, the colorbar represents the phase value for each pixel ranging from −π to π. (b) PSFs
at different defocus positions.

(a) phase mask

(b) translating PSF

Figure 1.5: Tetrapod phase mask and PSF. (a) the 256 × 256 pixel phase-only mask,
the colorbar represents the phase value for each pixel ranging from − π2 to π2 . (b) PSFs at
different defocus positions.
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1.3

Remaining Problem

Recently Backlund’s paper [17] derives the measurement-independent limit, quantum CramerRao lower bound (QCLRB), which is the optimal depth precision that can be attained when
background is 0. The quantum Fisher information (QFI) is defines as:
1
κij = ReTrρ(Lxi Lxj + Lxj Lxi ),
2

(1.9)

where Lxi is the symmetric logarithmic derivative defined by
1
∂xi ρ = (Lxi ρ + ρLxi ).
2

(1.10)

Same as the relationship between CRLB and Fisher information, the square root of QCRLB
is given by
q
(QCRLB)
σ xi
= [κ−1 ]ii ≤ σx(CRLB)
.
(1.11)
i
Axial localization precision bound is given by
σz(QCRLB) = Cz−2 − |γ|2
where

−1/2

/2,

(1.12)

√
3/2 i−1/2
3 h
√
1 − 1 − (N A/n)2
Cz =
,
kA 2π

(1.13)

γ = jkA2 π(N A/n)2 ,

(1.14)

and normalization factor A is defined as
i−1/2
h 
p
.
A = 2π 1 − 1 − (N A/n)2

(1.15)

N A is the numerical aperture, n is the refractive index of the immersion media (equal to
1.518 for an oil-immersion lens), k is the wavenumber.
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However, although in theory QCRLB can be achieved using advanced single-molecule microscopy techniques, none existing PSFs can reach this limit. Figure 1.6 shows the simulated
axial localization precision for existing PSFs, e.g. Tetrapod, Double Helix, Standard, with
(QCRLB)
1000 detected photons, and a background of 0 photons/pixel. σz
equals 5.1487 nm
under this circumstances, which is smaller than axial localization precision of all listed PSFs
√
with lowest CRLBz ≈ 9.5 nm.

Figure 1.6: Limit of axial localization precision of existing PSFs and QCRLB.
Detected photon number is 1000 and background is 0. Tetrapod3 stands for the optimized
Tetrapod PSF over z = [-1.5 µm, 1.5 µm]. Tetrapod2 stands for the optimized Tetrapod
PSF over z = [-1 µm, 1 µm]. Standard represents standard PSF and DH represents Double
(QCRLB)
Helix PSF. σz
is the square root of QCRLB.

In this thesis, I aim to design 3D PSFs that perform close to this limit by utilizing two
optimization approaches and show that the localization precision of existing PSFs, such as
the Tetrapod and Double Helix, can be improved using our approach.
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Chapter 2
Method
This chapter introduces the two optimization approaches I utilized in this thesis. The first
one is a Quasi-Newton algorithm in Matlab and the second is a gradient descent algorithm in
the TensorFlow framework, which specifically seeking to relax unnecessary constraints that
have compromised previous approaches. I optimize the performance, e.g. CRLBz , of each
design by testing various loss functions, constraints, and initial conditions.

2.1

Optimization Algorithm in Matlab

The optimization problem is to find a phase mask, e.g. 256×256 pixel size, that yields a PSF
√
with optimal axial localization precision, in other words, the lowest CRLBz . We expect
this approach can help us improve the performance of initial phase mask, e.g. localization
√
precision ( CRLB) in z position, over a certain z range.

2.1.1

Initial Condition Setup

In this thesis, we tested several different initial conditions for the phase mask: random
Zernike polynomials, which will be discussed in Chapter 3.1, and Two-zone phase mask that
encoding axial position information in PSF’s intensity, which will be discussed in detail in
Chapter 3.2.
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2.1.2

Loss Function Design

Because the square root of the CRLBz of a PSF represents the best-possible limit of axial
localization precision, we require the optimization algorithm to generate a phase mask with
√
minimum mean CRLBz over a z range of 1 µm, which defines the loss function shown in
equation 2.1.
!
1 Xp
CRLBz (zi ) ,
(2.1)
Loss =
N
z
i

where N represents the total number of position zi we sample. We use 1000 Photons and
2 background photons per pixel in CRLB calculation, and optimize over a discrete set of
z positions, e.g. 100 nm increments within the range [-500 nm, 500 nm], using 63 Zernike
polynomials. Different ranges are shown in Table 2.1.
Table 2.1: z ranges for CRLBz loss function using Quasi-Newton algorithm in
Matlab.
z range
Interval
[-250 nm, 250 nm] 50 nm
[-500 nm, 500 nm] 100 nm
0 nm

The optimization problem is solved using Matlab’s fminunc function, which uses a QuasiNewton algorithm to find the local minimum.

2.1.3

Optimized Parameters

Although it is possible to directly optimize the 256×256 pixels comprising a phase mask, this
choice may overwhelm the fminunc function in practical usage. Therefore we choose to use
Zernike polynomials in our optimization routine, which are a set of orthogonal polynomials on
the unit disk in optical systems. In this algorithm, we skip the first three Zernike polynomials,
i.e. Piston, Tilt (vertical tilt) and Tip (horizontal tilt), and use the next 63 modes. The first
9 modes we use is shown in Figure 2.1.
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Figure 2.1: First 9 Zernike polynomials used in algorithm. (1) Z2−2 , (2) Z20 , (3) Z22 ,
(4) Z3−3 , (5) Z3−1 , (6) Z31 , (7) Z33 , (8) Z4−4 , (9) Z4−2 .

In this way, the optimization parameters are set as the coefficients cn , whose initial value is
0, of a set of Zernike modes Zn . Algorithm will calculate and return the optimal value of
coefficients based on the loss function. The optimized phase mask ψoptimal should be:
ψoptimal = ψ0 +

N
X

cn Zn ,

(2.2)

n=1

where ψ0 represents the initial phase mask, and N is the number of Zernike polynomials we
use, i.e. 63.
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2.2

Optimization using TensorFlow Framework

TensorFlow is a software framework for numerical computations [18]. It is designed primarily
for implementing and deploying deep learning systems. One key feature of TensorFlow is
its flexibility, which supports many optimization algorithms with automatic differentiation.
User does not need to specify any gradients in advance, since TensorFlow derives them
automatically based on the designed loss function. The flexibility of TensorFlow allows us
to optimize phase at each SLM’s 256 × 256 pixels separately and explore more possibilities
than the case of using Zernike polynomials in Matlab.

2.2.1

Algorithm

The optimization algorithm in TensorFlow has three main parts: initial condition (256 × 256
pixel phase mask), variable and loss function. In TensorFlow framework, variables are formed
as a 256 × 256 matrix with zero initial value, which has the same size as initial phase mask.
After defining the initial condition and loss function, three terms are feed into the interior
function of TensorFlow: tf.train.GradientDescentOptimizer.minimize, which uses a gradient
descent algorithm to calculate the minimum value of loss function within certain number of
iterations. During the iterations, the value of 256 × 256 variables is altered to obtain the
minimal loss function value. The optimized phase mask that generated by the algorithm is
simply initial condition ψ0 plus variable value after n iterations Vn :
ψoptimal = ψ0 + Vn .

2.2.2

(2.3)

Initial Condition Setup

Initial condition can be any phase mask, e.g. Two-zone, Tetrapod and Double Helix phase
mask. The results will be discussed in Chapter 3 in detail.
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2.2.3

Loss Function Design

One kind of loss function is the same as what discussed in Section 2.1.2, which is the sum
√
of CRLBz at discrete z positions. This loss function should directly lead us to the phase
mask that has highest axial localization precision under the defined z range. However, this
may change the phase mask and PSF pattern entirely since the loss function only contains
CRLBz . Two different z ranges are considered for this kind of loss function, as shown in
Table 2.2.
Table 2.2: z ranges for CRLBz loss function using gradient descent algorithm.
z range
Interval
[-250 nm, 250 nm] 50 nm
[-500 nm, 500 nm] 100 nm
Another loss function we explored in this project takes the eigenstate projection into consideration. Although numerous PSFs have been demonstrated in the past years, none of these
obtain the so-called Quantum Cramer-Rao Lower Bound (QCRLB) [17], and a sufficient
condition to saturate the QCRLB of a single parameter is for a measurement to project
onto the eigenbasis of the corresponding Lz , i.e. shunt majority of light to one side while
inputting Φ+ , and have an orthogonal projection onto the state Φ− . If phase mask is defined
as ψ, the projection of two eigenstates are shown as:

2
I+/− (z) = |F Φ+/− (z) exp(jψ) | .

(2.4)

Φ+/− are defined by:



p
 nr 
2
jk 1 − rF − γ 
1 
F
2 −1/4
A(1 − rF )
circ
1± q
Φ+/− (z) = √
NA
2
Cz−2 − |γ|2
 

q
2
exp jk xxF + yyF + z 1 − rF
, (2.5)

where

h 
i−1/2
p
A = 2π 1 − 1 − (N A/n)2
,
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(2.6)

√
 i−1/2
3 h
2 3/2
√
1 − 1 − (N A/n)
,
Cz =
kA 2π

(2.7)

γ = jkA2 π(N A/n)2 .

(2.8)

and

z is the defocus position, n is the refractive index of the immersion media (equal to 1.518 for
an oil-immersion lens), k is the wavenumber, and xF , yF represents the pupil coordinates,
p
and rF = x2F + yF2 .
Since orthogonal I+ and I− can theoretically lead to a higher localization precision close to
QCRLB, we add the second term in loss function to force phase mask to generate orthogonal
I+ and I− . In this case,
!
Loss =

X X
x,y

I+ (z1 ) ◦ I− (z1 )

z1

+w×

Xp
CRLBz (z2 ),

(2.9)

z2

where ” ◦ ” is the Hadamard product operator, w is a constant value that balance the two
terms. I+ and I− are normalized by their peak value before entering into the loss function.
The intensity inner product term will return a minimum value when I+ and I− are strictly
orthogonal. By using this loss function, we can in principle achieve a closer axial localization
precision to QCLRB within certain z range.
Different values of z1 , z2 and w are tested for this loss function as shown in Table 2.3, several
combinations are made and will be discussed in Chapter 3 in detail.
P√
CRLBz loss
Table 2.3: z ranges and w value for Intensity inner product +
function using gradient descent algorithm.
z1 range
z2 range
Interval
[-100 nm, 100 nm] [-250 nm, 250 nm] 50 nm
[-200 nm, 200 nm] [-500 nm, 500 nm] 100 nm
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w
0.1 ∼ 0.4

As for the direct design of PSF in Section 3.4, the loss function is set as Mean Squared Error
(MSE) to minimize the square error between desired PSF Idesired and optimized PSF P SFψ ,
!
Loss =

X X
x,y

with

|P SFψ (z) − Idesired (z)|2 ,

(2.10)

z


2
q
P SFψ (z) = F exp(−jψ) exp(jn1 kz 1 − x2F − yF2 )
,

(2.11)

where z is the defocus position, n1 is the refractive index of the immersion media (equal
to 1.518 for an oil-immersion lens), k is the wavenumber, and xF , yF represents the pupil
coordinates.

2.3

Comparison of Two Optimization Approaches

Compared with optimization algorithm in Matlab, the algorithm using TensorFlow framework is much more flexible and faster under the same condition. Due to the complexity of
the loss function it was not possible to derive an expression of the gradient of the loss function analytically. While the Quasi-Newton algorithm uses finite difference to numerically
compute the gradient, the automatic differentiation capabilities of TensorFlow allows us to
solve the optimization problem more efficiently and for a larger number of unknowns.
The gradient descent algorithm in the Tensorflow framework is able to relax unnecessary
constraints that have compromised previous approaches. It is also able to optimize the
phase at each one of the pixels separately, which provides a larger field to investigate than
only consider Zernike polynomials.
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Chapter 3
Discussion of Optimized PSF designs
and Axial localization precision
This chapter will present the results of two optimization methods by implementing various
loss functions, constraints, and initial conditions.
This chapter is organized as follows: The optimized phase mask designs starting with various
initial conditions, namely random Zernike polynomials (Section 3.1), Two-zone phase mask
(Section 3.2), and Tetrapod phase mask (Section 3.3), will be discussed respectively. In the
Section 3.4, I directly design new PSFs, composed of photon distributions that rotate or
translate, that are inspired by existing PSFs but contain superior Fisher information.
The shorthand names given to the various optimized phase masks are explained in Appendix
A in detail.

3.1

Random Zernike Polynomials

In this section, optimization of phase masks is performed by setting random Zernike polynomials as the initial condition. The initial condition is a linear superposition of 63 Zernike
polynomials Zn each with a random coefficient rn :
ψ0 =

N
X
n=1
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rn Zn ,

(3.1)

where N represents the number of Zernike modes. We input this initial condition into the
Quasi-Newton algorithm in Matlab with the loss function
Loss =

Xp
CRLBz (zi ),

(3.2)

zi

√
and CRLBz of phase masks are calculated for 2000 detected photons, and a background
of 28 photons/pixel.

Using a z range of [-250 nm, 250 nm] and interval of 50 nm.
The optimized result rand-zer-CRLBz-500-ML generated by the Quasi-Newton algorithm in
Matlab is shown in Figure 3.1a. The loss function is set as Equation 3.2 which equals 275.476
nm initially and becomes 152.659 nm after 93 iterations.
The phase mask and PSF after optimization is presented in Figure 3.1. The optimized PSF
has a photon distribution that translates along the horizontal and vertical axis as the defocus
changes. The total energy is distributed evenly to two sides along all z positions.
The phase mask in Figure 3.1a has symmetric phase distribution, which has similar pattern
as the Tetrapod phase mask. The top and bottom zones have symmetry along horizontal
axis with the same value and shape, and the left and right parts are symmetric with respect
to the vertical axis.
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(a) phase mask

(b) PSF

Figure
3.1: Optimized phase mask using ψ0 = random Zernike and loss =
P√
CRLBz with a z range of [-250 nm, 250 nm] using a Quasi-Newton algorithm. (a) the 256 × 256 pixel phase-only mask, the colorbar represents the phase value in
radians for each pixel. (b) Translating PSFs. Figures are simulated when Magnification =
111.1, refractive index n = 1.518, wavelength = 550 nm, NA = 1.4, camera pixel size = 58.5
nm.

The axial localization precision of rand-zer-CRLBz-500-ML is presented in Figure 3.2 , with
√
1000 detected photons, and a background of 2 photons/pixel. The average CRLBz over z
= [-500 nm, 500 nm] is 12.93 nm. The peak precision appears at the in-focus point, which
is 12.25 nm.
Compared with Tetrapod3 and Tetrapod2, the optimized result has better axial localization
precision along the entire 1 µm z range. It has better performance than Tetrapod2 at around
√
√
±300nm where Tetrapod2’s CRLBz is 12.65 nm and optimized PSF’s CRLBz is 12.49
nm.
Overall, this optimized phase mask achieves higher precision than the listed PSFs.
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Figure 3.2: Limit of axial localization
P √ precision of optimized phase mask using
ψ0 = random Zernike and loss = √ CRLBz with a z range of [-250 nm, 250 nm]
using a Quasi-Newton algorithm. CRLBz of PSFs are calculated for 1000 detected
(QCRLB)
photons, and a background of 2 photons/pixel. σz
is calculated with the same photon
number and 0 background.

Using a z range of [-500 nm, 500 nm] and interval of 100 nm.
The optimized phase mask rand-zer-CRLBz-1000-ML generated by the Quasi-Newton algorithm in Matlab is shown in Figure 3.3a. The loss function is set as Equation 3.2 which
equals 311.712 nm initially and becomes 158.833 nm after 83 iterations.
The phase mask and PSF after optimization is presented in Figure 3.3. The optimized PSF
is a translating PSF whose photon distribution translates along horizontal and vertical axis
as the defocus changes, which is similar to the previous design rand-zer-CRLBz-500-ML but
20

with different translating speeds. The total energy is distributed evenly to two sides along
all z positions.
The phase mask in Figure 3.3a has symmetric phase distribution. The top and bottom zones
have symmetry along horizontal axis with the same value and shape, and the left and right
parts are also symmetric with respect to vertical axis. If compared with the previous phase
mask when z = [-250 nm, 250 nm], the sign for up/bottom and left/right parts is reversed. In
this case, the up/bottom zones have negative value while left/right parts have positive value.
The sign of value at each zone affects the translation direction of the PSF with defocus.

(a) phase mask

(b) PSF

Figure
3.3: Optimized phase mask using ψ0 = random Zernike and loss =
P√
CRLBz with a z range of [-500 nm, 500 nm] using a Quasi-Newton algorithm. (a) the 256 × 256 pixel phase-only mask, the colorbar represents the phase value
in radians for each pixel. (b) Translating PSFs. Figures are simulated when Magnification=111.1, refractive index n = 1.518, wavelength = 550 nm, NA = 1.4, camera pixel size
= 58.5 nm.

The axial localization precision of rand-zer-CRLBz-1000-ML is presented in Figure 3.4. The
√
average CRLBz over z = [-500 nm, 500 nm] is 12.86 nm. The peak precision appears at
±350nm, which is around 11.7 nm.
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Compared with Tetrapod3 and Tetrapod2, this optimized PSF has better axial localization
precision along the entire z range. Although rand-zer-CRLBz-1000-ML has smaller average
axial localization precision over z = [-500 nm, 500 nm] than the previous case rand-zerCRLBz-500-ML (12.93 nm) when z range is set as [-250 nm, 250 nm], its precision is worse
from -250 nm to 250 nm.
Overall, rand-zer-CRLBz-1000-ML can achieve a higher precision than Tetrapod PSFs that
were optimized for larger z ranges, and is better than rand-zer-CRLBz-500-ML at some z
positions.

Figure 3.4: Limit of axial localization
P √ precision of optimized phase mask using
ψ0 = random Zernike and loss = √ CRLBz with a z range of [-500 nm, 500 nm]
using a Quasi-Newton algorithm. CRLBz of PSFs are calculated for 1000 detected
(QCRLB)
photons, and a background of 2 photons/pixel. σz
is calculated with the same photon
number and 0 background.
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3.2

Two-zone Phase Mask

In this section, phase masks are designed by setting a two-zone phase mask as the initial
condition.
The two-zone phase mask is a unique mask design based on the idea of encoding axial position
information into intensity ratio between two spots within a PSF. This idea is inspired by
Backlund’s interferometer [17] that encodes the axial position information into the intensity
ratio of two rings. The proposed interferometer can theoretically achieve QCRLB within
certain z range, which enlighten us to create a phase mask that uses a similar way to encode
the axial position information within the spot intensity in the PSF.
It is known that the Fourier transform of a cosine function gives two impulses, as presented
in Figure 3.5. If we have a cosine function at the back focal plane of an imaging system,
it will generate two impulses in the image plane. In addition, this cosine function can be
obtained by summing two exponential function with opposite contents, as shown in Equation
3.3.

Figure 3.5: The Fourier Transform of cosine function.

cos(ωx) =

exp(jωx) + exp(−jωx)
2

This gives us the phase equation t(x, y) of Two-zone phase mask:
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(3.3)

t(x, y) = A1 exp(j2παx) + A2 exp(−j2παx)

 

 
π
r
π
r
= exp j circ
exp (j2παx) + exp −j circ
exp (−j2παx) ,
2
r0
2
r0

(3.4)

p
where r = x2 + y 2 and the circ (·) function restricts support to r < r0 . The A1 and A2
terms are used to create a phase shift within the inner circle (r < r0 ). 0 ≤ r0 ≤ rmax where
rmax is the radius of the imaging system’s pupil, i.e. radius of outer zone.
The phase-only mask is given by
0

t (x, y) = exp(j 6 t(x, y)).

(3.5)

An example of Two-zone phase mask and PSFs is presented in Figure 3.6.

(a) phase mask

(b) PSF

Figure 3.6: Two-zone point spread function. (a) the 256 × 256 pixel phase-only mask
when r0 = 0.66 × rmax and α = 8, dashed red circle indicates the pupil size, the colorbar
represents the phase value in radians for each pixel ranging from 0 to π. (b) PSFs at different
defocus positions. The distance between two spots is w0 ≈ 1 µm. Figures are simulated when
Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical aperture
NA = 1.4, camera pixel size = 58.5 nm.
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As shown in Figure 3.6a, the phase mask 6 t(x, y) consists of two constant phase, 0 and π.
In the phase equation 3.4, there are two important parameters r0 and α. r0 is the radius of
inner circle, and it affects the rate of change in the intensity of the two spots in the PSF. α
controls the width w of each phase strip in the phase mask and the distance w0 between two
spots in PSFs.
The two-zone PSF consists of two spots with varying intensity ratio. At z = 0 nm, the total
energy is evenly distributed into two spots. With the increase or decrease of z position, one
spot intensity will decrease, while the other spot gets brighter. In this way, defocus of a light
source is encoded into intensity ratio between two spots in the PSF.
Limit of axial localization precision of Two-zone and existing PSFs is as presented in Figure
3.7.

Figure 3.7: Comparison of axial localization precision for Two-zone
√ and existing
PSFs. The purple line indicates the performance of Two-zone (TZ). CRLBz of PSFs
(QCRLB)
are calculated for 1000 detected photons and a background of 2 photons/pixel. σz
is
calculated with the same photon number and 0 background.
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√
If we only consider the CRLBz over z = [-500 nm, 500 nm], Tetrapod2 has the best
performance among the listed PSFs, whose average localization precision within the z range
is 13.9 nm. The Two-zone PSF achieves the best axial localization precision, 12.3 nm, at
z = 0 nm is 13.3% better than that of the Tetrapod2 PSF (14.2 nm) at the same position.
However, the superior performance of Two-zone PSF only occurs within a small z range:
√
[-100 nm, 100 nm]. It reaches the largest CRLBz value, 26.63 nm, at z = ±250 nm.
√
The large CRLBz at z = ±250 nm can be explained by the rate of change in the intensity
of the two spots in the PSF. As discussed in Section 1.1, CRLB is the inverse of Fisher
information, which determined by changes in the PSFs as a function of the x, y and z
positions of a point emitter. If the PSFs at two close z positions don’t have a large intensity
contrast between them, then the Fisher information will have a small value at these positions,
thus leading to a large CRLB value.
We plot the energy of two spots in Two-zone PSF at different z positions in Figure 3.8. It
appears that the rate of change for both left and right spots is slow between 100 nm and 250
√
nm, suggesting small intensity difference around these positions, and causes large CRLBz
(Figure 3.7). After 250 nm, the slope for both spots becomes larger, which corresponds to
√
the decreasing CRLBz value.
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Figure 3.8: Energy of two spots in Two-zone PSF within z = [-500 nm, 500 nm].
√
In Section 3.2.1 and 3.2.2, in order to suppress the large CRLBz and further improve the
axial localization precision of the Two-zone PSF, we design new PSFs by setting the Twozone phase mask as the initial condition and using two different loss functions (see Chapter
2 for details).

3.2.1

Optimizing the Theoretical Lower Bound of Axial Localization Precision

First we input the Two-zone mask into the Quasi-Newton algorithm in Matlab. The loss
function is set to be
1 Xp
CRLBz (zi )),
(3.6)
Loss = (
N z
i

√

CRLBz is calculated for 1000 detected signal photons and a background of 2 photons/pixel.
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Using a z range of [-250 nm, 250 nm] and interval of 50 nm
The optimized phase mask TZ-CRLBz-500-ML is shown in Figure 3.9a. The loss function
value equals 17.56 nm initially and becomes 15.07 nm after the optimization.

(a) phase mask

(b) PSF

P√
Figure 3.9: Optimized phase mask using ψ0 = Two-zone and loss = N1 (
CRLBz )
with a z range of [-250 nm, 250 nm] using a Quasi-Newton algorithm. (a) the
256 × 256 pixel phase-only mask, the colorbar represents the phase value in radians for each
pixel ranging from −π to π. (b) PSFs at different defocus positions. Shape of spots are not
the same as Two-zone. Figures are simulated when Magnification = 111.1, refractive index
n = 1.518, wavelength = 550 nm, NA = 1.4, camera pixel size = 58.5 nm.

The PSFs in Figure 3.9b still maintain the two-spot pattern, but the spot intensities are not
symmetric at opposite z positions as is the case for the initial Two-zone PSF in Figure 3.6b.
The axial localization precision of TZ-CRLBz-500-ML is plotted in Figure 3.10. The yellow
√
line indicates the CRLBz of the optimized phase mask. Although the loss function does
decrease after the optimization, the overall performance of optimized phase mask doesn’t
improve much, since it only has better performance than Two-zone and Tetrapod3 at certain
z positions.

28

The degraded localization precision of the Two-zone PSF at ±250 nm is eliminated by the
√
algorithm, but as a trade-off, the CRLBz value at the in-focus position z = 0 nm increases
to 15 nm. The performance of TZ-CRLBz-500-ML is not able to overcome Tetrapod2 over
the entire z = [-500 nm, 500 nm] range.

Figure 3.10: Limit of axial localization
precision of optimized phase mask using
P√
1
ψ0 = Two-zone and loss = N (
CRLBz ) with a z range of [-250 nm, 250 nm]
√
using a Quasi-Newton algorithm. CRLBz of PSFs are calculated when the detected
(QCRLB)
photon is 1000, and the background is 2 photons/pixel. σz
is calculated with the same
photon number and 0 background.
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Using a z range of [-500 nm, 500 nm] and interval of 100 nm
The optimized result TZ-CRLBz-1000-ML is shown in Figure 3.11. The loss function is
the same as previous case, which equals 17.9 nm initially and becomes 16.1 nm after the
optimization.
The PSFs in Figure 3.11b maintain the two-spot pattern, where one spot intensity decreases
as the defocus changes, but the spot shape is not the same as that of the Two-zone PSF.

(a) phase mask

(b) PSF

Figure
P √ 3.11: Optimized phase mask using ψ0 = Two-zone and loss =
1
(
CRLBz ) with a z range of [-500 nm, 500 nm] using a Quasi-Newton alN
gorithm. (a) the 256 × 256 pixel phase-only mask, the colorbar represents the phase value
in radians for each pixel ranging from −π to π. (b) PSFs at different defocus positions.
Figures are simulated when Magnification = 111.1, refractive index n = 1.518, wavelength
= 550 nm, numerical aperture NA = 1.4, camera pixel size = 58.5 nm.

The axial localization precision of TZ-CRLBz-1000-ML is plotted in Figure 3.12 with the
same value of photon number and background as the previous one.
√
Similar to the previous case, although the mean of CRLBz is decreased by the optimization
algorithm, the performance over the whole z range is not improved uniformly since it only
has better performance at some z positions when comparing with Two-zone and Tetrapod3.
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It can be seen that the mean value of axial localization precision over z range of [-500 nm,
√
500 nm] decreases after the optimization, but as a trade-off, the CRLBz of TZ-CRLBz1000-ML at z = [-100 nm, 100 nm] does not have higher precision than Tetrapod2 like the
Two-zone does.
√
It seems this optimization method is not able to decrease the value of CRLBz at z =
±250 nm while maintaining superior performance for an in-focus emitter.

Figure 3.12: Limit of axial localization
precision of optimized phase mask using
P√
1
ψ0 = Two-zone and loss = N (
CRLB
z ) with a z range of [-500 nm, 500 nm]
√
using a Quasi-Newton algorithm. CRLBz of PSFs are calculated for 1000 detected
(QCRLB)
photons and a background of 2 photons/pixel. σz
is calculated with the same photon
number and 0 background.
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Using z at in-focus point z = 0
In order to test whether this optimization algorithm can improve the peak axial localization
precision of Two-zone phase mask, we set the loss function to be optimized only at z = 0
nm.
It turns out that the localization precision at the in-focus point, i.e. z = 0 nm, cannot be
further improved by Zernike polynomials as shown in Figure 3.13.

Figure 3.13: Matlab output when ψ0 = Two-zone and z = 0 nm. f(x) represents
the value of loss function.

This test indicates that this optimization approach of using the Quasi-Newton algorithm in
√
Matlab is not able to improve the performance, i.e.
CRLBz , of initial Two-zone phase
mask at the in-focus position. Therefore we attempt to use the gradient descent algorithm
in the TensorFlow, which is a more flexible method and is able to change the value of phase
mask pixel by pixel without using Zernike polynomials.
In the next section, we discuss the optimized results that generated by the gradient descent
algorithm using TensorFlow framework with the same initial condition and loss function.
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Using a z range of [-250 nm, 250 nm] and interval of 50 nm
The optimized result TZ-CRLBz-500-TF generated by gradient descent algorithm using TensorFlow framework is shown in Figure 3.14. The loss function is set as Equation 3.6 which
equals 17.56 nm initially and becomes 12.4 nm after the optimization.
Average axial localization precision does decrease after running the algorithm. However,
as discussed before, the optimization algorithm changes the phase mask and PSF pattern
entirely since the loss function only considers CRLBz. Although this PSF is technically an
improvement over the initial Two-zone PSF, it loses the two-spot pattern and changes in the
PSF become difficult to distinguish for defocus positions z smaller than -300 nm.

(a) phase mask

(b) PSF

Figure
P √ 3.14: Optimized phase mask using ψ0 = Two-zone and loss =
1
(
CRLBz ) with a z range of [-250 nm, 250 nm] using a gradient descent
N
algorithm. (a) the 256 × 256 pixel phase-only mask, the colorbar represents the phase
value in radians for each pixel ranging from −π to π. (b) PSFs at different defocus positions. PSF becomes one spot instead of two. Figures are simulated when Magnification
= 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical aperture NA = 1.4,
camera pixel size = 58.5 nm.
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√
The axial localization precision CRLBz of TZ-CRLBz-500-TF is plotted in Figure 3.15 for
1000 detected photons and a background of 2 photons/pixel.
TZ-CRLBz-500-TF has a peak localization precision value of 10.87 nm at the in-focus point.
Within z = [-200 nm, 200 nm] range, its axial localization precision is higher than Tetrapod2.
But it has relatively low precision at around z=-400 nm, which is because of the small
intensity difference around that position.
√
Based on the PSF and CRLBz data, this optimized result does not have a very good
performance due to the indistinguishable PSFs when defocus position is smaller than -300
nm.

Figure 3.15: Limit of axial localization
precision of optimized phase mask using
P√
ψ0 = Two-zone and loss = N1 (
CRLB
√ z ) with a z range of [-250 nm, 250 nm]
using a gradient descent algorithm. CRLBz of PSFs are calculated for 1000 detected
(QCRLB)
photons, and a background of 2 photons/pixel. σz
is calculated with the same photon
number and 0 background.
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Using a z range of [-500 nm, 500 nm] and interval of 100 nm
The optimized phase mask TZ-CRLBz-1000-TF produced by gradient descent algorithm
using TensorFlow framework is shown in Figure 3.16. The loss function is set as Equation
3.6 which equals 17.9 nm initially and becomes 12.7 nm after the optimization.
The PSFs in Figure 3.16b have translating photon distributions along the horizontal and
vertical axis, which looks like a dumbbell at z = ±400 nm, and it is shifted to left with same
distance at all defocus positions.

(a) phase mask

(b) PSF

Figure
P √ 3.16: Optimized phase mask using ψ0 = Two-zone and loss =
1
(
CRLBz ) with a z range of [-500 nm, 500 nm] using a gradient descent
N
algorithm. (a) 256 × 256 pixel phase-only mask, with horizontally linear phase ramp, phase
ranging from −π to π. (b) PSFs have translating characteristic. Figures are simulated when
Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical aperture
NA = 1.4, camera pixel size = 58.5 nm.

If we apply a linear phase along horizontal axis on Figure 3.16a and shift PSFs back to the
image center, we can obtain a vertical secondary astigmatism-like phase mask as shown in
Figure 3.17a.
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(a) phase mask

(b) PSF

Figure 3.17: Dumbbell phase mask and PSF. The mask is obtained by applying
a linear phase ramp to mask TZ-CRLBz-1000-TF. (a) the 256 × 256 pixel phase-only
mask, the colorbar represents the phase value in radians for each pixel. (b) shifted PSFs at
different defocus positions.

The axial localization precision of dumbbell PSF is presented in Figure 3.18. It appears
that, with a z range of set from -500 nm to 500 nm, the optimized localization precision is
superior to that of both the Tetrapod2 and Tetrapod3 PSFs for all values of z.
The dumbbell PSF achieves an average localization precision along z of 12.7 nm for 1000
detected photons and a background of 2 photons/pixel over a depth range of 1000 nm,
an improvement of 8.7% over the Tetrapod2 PSF. Although the dumbbell PSF can obtain
√
smaller values of CRLBz compared to the Two-zone PSF at most z positions, it has worse
performance for defocus positions between -50 nm and 50 nm.
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Figure 3.18: Limit of axial
P √ localization precision of dumbbell PSF using ψ0 =
1
Two-zone and loss = N (
CRLBz ) with a z range of [-500 nm, 500 nm] using a
√
gradient descent algorithm. CRLBz of PSFs are calculated for 1000 detected photons,
(QCRLB)
and a background of 2 photons/pixel. σz
is calculated with the same photon number
and 0 background.

Comparing the results generated by optimization approaches using Matlab and TensorFlow
framework, it is obvious that TensorFlow is more flexible and able to explore more possibilities.
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3.2.2

Optimizing the Theoretical Lower Bound with Orthogonal
Projection

The second loss function that we utilized in the gradient descent algorithm is given by
!
Loss =

X X
x,y

I+ (z1 ) ◦ I− (z1 )

z1

+w×

Xp
CRLBz (z2 ),

(3.7)

z2

with

2
I+/− (z) = |F Φ+/− (z) exp(iψ) | ,

(3.8)

where ” ◦ ” is the Hadamard product operator, w is a constant value that balance the two
terms. I+ and I− are normalized by their peak value before entering into the loss function,
√
details are presented in Section 2.2.3. CRLBz is calculated for 1000 detected photons, and
a background of 2 photons/pixel.
The intensity inner product term will return a minimum value when I+ and I− are strictly
orthogonal, i.e., their images do not overlap, which is a sufficient condition to saturate the
QCRLB [17].
Figure 3.19 shows the eigenstate projections of Two-zone PSF at in-focus point. I+ and I−
are relatively orthogonal, suggesting a small CRLBz value at z = 0 nm.

(a) I+

(b) I−

Figure 3.19: Eigenstate projections of Two-zone PSF at z = 0 nm.
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Figure 3.20 shows the eigenstate projections of Standard PSF at in-focus point. I+ and I−
both have energy located at the center of the image.

(a) I+

(b) I−

Figure 3.20: Eigenstate projections of Standard PSF at z = 0 nm.

For eigenstate projections of Two-zone PSF at in-focus point, intensity inner product term
equals 0.95, and it has a value of 8.16 for eigenstate projections of Standard PSF. This proves
that more orthogonal the eigenstate projections are, smaller the intensity inner product will
be.
As discussed in Section 2.2.3, we can in theory achieve an axial localization precision approaching the QCRLB within a certain z range by using this loss function.
√
We previously observed that the loss function CRLBz gives superior axial localization
precision at the possible cost of distorting the character of the initial PSF, i.e., a two-spot
PSF as discussed in Section 3.2.1. We add the intensity inner product term into the loss
function in an attempt to make sure the optimized PSF maintains the characteristic of
Two-zone PSF.
In this section, three results are presented with different z1 , z2 ranges and w values using
the Two-zone phase mask as the initial condition and Equation 3.7 as the loss function.
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Using z ranges of z1 = [-100 nm, 100 nm] with interval = 100 nm and z2 = [-250
nm, 250 nm] with interval = 50 nm and w= 0.2
The optimized phase mask TZ-I+Cz-500-TF generated by gradient descent algorithm using
TensorFlow framework is shown in Figure 3.21a. The loss function (Equation 3.7) equals
40.13 initially and becomes 31.69 after the optimization.
The phase mask and PSF after optimization are presented in Figure 3.21. The optimized
phase mask doesn’t have the inner circle as the initial Two-zone does, but the PSF still has
similar two-spot pattern. The total energy is distributed almost evenly into two spots at the
in-focus position and starts shifting to one side of image as defocus increases or decreases
away from z = 0.

(a) phase mask

(b) PSF

Figure 3.21: Optimized
phase mask using ψ0 = Two-zone and loss = intensity
P√
inner product +
CRLBz when z2 range=[-250 nm, 250 nm] using a gradient
descent algorithm. (a) the 256 × 256 pixel phase-only mask, the colorbar represents the
phase value in radians for each pixel ranging from −π to π. (b) PSFs maintain the two-spot
characteristic as Two-zone. Figures are simulated when Magnification = 111.1, refractive
index n = 1.518, wavelength = 550 nm, numerical aperture NA = 1.4, camera pixel size =
58.5 nm.
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The eigenstate projection of TZ-I+Cz-500-TF is shown in Figure 3.22. As mentioned before,

2
I+/− (z) = |F Φ+/− (z) exp(iψ) | ,

(3.9)

where ψ represents the phase mask and Φ+/− are the eigenstates.
It can be seen that eigenstates Φ+ and Φ− have relatively orthogonal projections onto the
camera for defocus values between -100 nm and 100 nm. A majority of the energy is shunted
√
to one side of image. CRLBz has low values within this range (mean precision = 12.27
nm, Figure 3.23).

(a) I+

(b) I−

Figure 3.22: Normalized I+ and I− of optimized
phase mask using ψ0 = Two-zone
P√
and loss = intensity inner product +
CRLBz when z2 range=[-250 nm, 250
nm] using a gradient descent algorithm. (a) I+ at various defocus positions. (b) I−
at various defocus positions. Figures are simulated when Magnification = 111.1, refractive
index n = 1.518, wavelength = 550 nm, numerical aperture NA = 1.4, camera pixel size =
58.5 nm.

The axial localization precision of TZ-I+Cz-500-TF is presented in Figure 3.23. The optimized localization precision is better than that of the initial Two-zone phase mask within a
z range of around -350 nm to 350 nm. The algorithm helps decrease the large precision at
±250 nm while improving the best precision from 12.3 nm to 11.92 nm at z=0 nm.
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Generally, this loss function is able to generate phase masks with better performance when
the initial condition is Two-zone phase mask. However, when compared to existing phase
masks, the optimized phase mask TZ-I+Cz-500-TF only has higher precision than Tetrapod2
within z = [-150 nm, 150 nm] and has better performance than Tetrapod3 when z is between
-200 nm and 200 nm.

Figure 3.23: Limit of axial localization precision of P
optimized
phase mask using
√
ψ0 = Two-zone and loss = intensity inner product + √ CRLBz when z2 range=[250 nm, 250 nm] using a gradient descent algorithm. CRLBz of PSFs are calculated
(QCRLB)
for 1000 detected photons, and a background of 2 photons/pixel. σz
is calculated with
the same photon number and 0 background.
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Using z ranges of z1 = [-100 nm, 100 nm] with interval = 100 nm and z2 = [-500
nm, 500 nm] with interval = 100 nm and w = 0.1
The optimized phase mask TZ-I+Cz-200&1000-TF generated by gradient descent algorithm
using TensorFlow framework is shown in Figure 3.24a. The loss function (Equation 3.7)
equals 40.13 initially and becomes 31.69 after 3500 iterations.
The phase mask and PSF after optimization is presented in Figure 3.24. The optimized
PSF has a similar two-spot pattern as the previous result TZ-I+Cz-500-TF while the phase
distribution is mainly different at the center. The total energy is distributed almost evenly
into two spots at the in-focus position, and starts shifting to one side as defocus increases
or decreases away from z = 0 nm.

(a) phase mask

(b) PSF

Figure 3.24: Optimized
phase mask using ψ0 = Two-zone and loss = intensity
P√
inner product +
CRLBz when z1 range=[-100 nm, 100 nm] and z2 range=[-500
nm, 500 nm] using a gradient descent algorithm. (a) the 256 × 256 pixel phase-only
mask, the colorbar represents the phase value in radians for each pixel ranging from −π to
π. (b) PSFs maintain the two-spot characteristic as Two-zone. Figures are simulated when
Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical aperture
NA = 1.4, camera pixel size = 58.5 nm.
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The eigenstate projection of TZ-I+Cz-200&1000-TF is shown in Figure 3.25. It can be
seen that eigenstates Φ+ and Φ− have relatively orthogonal projections onto the camera for
defocus values from -100 nm to 100 nm. A majority of the energy is shunted to one side
√
of image. CRLBz has low values within this range (mean precision = 12.78 nm, Figure
3.26).

(a) I+

(b) I−

Figure 3.25: Normalized I+ and I− of optimized
phase mask using ψ0 = Two-zone
P√
CRLBz when z1 range=[-100 nm, 100
and loss = intensity inner product +
nm] and z2 range=[-500 nm, 500 nm] using a gradient descent algorithm. (a)
I+ at various defocus positions. (b) I− at various defocus positions. Figures are simulated
when Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical
aperture NA = 1.4, camera pixel size = 58.5 nm.

The axial localization precision of TZ-I+Cz-200&1000-TF is presented in Figure 3.26. The
optimized localization precision is better than the initial Two-zone phase mask within a z
range of around -375 nm to 375 nm. The algorithm helps decrease the large localization
precision at ±250 nm to around 18 nm while slightly improving the best precision from
12.3 nm to 11.96 nm at z = 0 nm. When compared to the previous optimized phase mask
TZ-I+Cz-500-TF, the current one has worse precision at 0 nm but has better precision at
±250 nm.
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Generally, this loss function is able to generate phase masks that has better performance than
the initial condition Two-zone. When compared to the existing PSFs, TZ-I+Cz-200&1000TF has higher precision than Tetrapod2 within z = [-135 nm, 135 nm] and is superior to
that of Tetrapod3 within a z range of around -180 nm to 180 nm.

Figure 3.26: Limit of axial localization precision of optimized
phase mask using ψ0
P√
= Two-zone and loss = intensity inner product +
CRLBz when z1 range=[100 nm, 100
nm]
and
z
range=[-500
nm,
500
nm]
using
a gradient descent
2
√
algorithm. CRLBz of PSFs are calculated for 1000 detected photons, and a background
(QCRLB)
of 2 photons/pixel. σz
is calculated with the same photon number and 0 background.
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Using z ranges of z1 = [-200 nm, 200 nm] with interval = 100 nm and z2 = [-500
nm, 500 nm] with interval = 100 nm and w= 0.4
The optimized phase mask TZ-I+Cz-400&1000-TF generated by gradient descent algorithm
using TensorFlow framework is shown in Figure 3.27a. The loss function (Equation 3.7)
equals 94.1 initially and becomes 78.8 after 3000 iterations.
The phase mask and PSF after optimization is presented in Figure 3.27. The optimized PSF
is similar as previous result TZ-I+Cz-200&1000-TF when z1 = [-100 nm, 100 nm]. The total
energy is distributed almost evenly into two spots at the in-focus position and starts shifting
to one side of image as defocus increases or decreases away from z = 0.

(a) phase mask

(b) PSF

Figure 3.27: Optimized
phase mask using ψ0 = Two-zone and loss = intensity
P√
inner product +
CRLBz when z1 range=[-200 nm, 200 nm] and z2 range=[-500
nm, 500 nm] using a gradient descent algorithm. (a) the 256 × 256 pixel phase-only
mask, the colorbar represents the phase value in radians for each pixel ranging from −π to
π. (b) PSFs maintain the two-spot characteristic as Two-zone. Figures are simulated when
Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical aperture
NA = 1.4, camera pixel size = 58.5 nm.
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The eigenstate projection of TZ-I+Cz-400&1000-TF is shown in Figure 3.28. It can be
seen that eigenstates Φ+ and Φ− have relatively orthogonal projections onto the camera for
defocus values from -100 nm to 100 nm. A majority of the energy is shunted to one side
√
of image. CRLBz has low values within this range (mean precision = 12.49 nm, Figure
3.29).

(a) I+

(b) I−

Figure 3.28: Normalized I+ and I− of optimized
phase mask using ψ0 = Two-zone
P√
CRLBz when z1 range=[-200 nm, 200
and loss = intensity inner product +
nm] and z2 range=[-500 nm, 500 nm] using a gradient descent algorithm. (a)
I+ at various defocus positions. (b) I− at various defocus positions. Figures are simulated
when Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical
aperture NA = 1.4, camera pixel size = 58.5 nm.

The axial localization precision of TZ-I+Cz-400&1000-TF is presented in Figure 3.29. The
optimization algorithm decreases the large localization precision value at ±250 nm from
26.63 nm to 16.53 nm while the peak precision of 12.41 nm appears at z = 0 nm, which is
√
slightly larger than CRLBz of Two-zone (12.3 nm) at that position.
Compared with the previous case TZ-I+Cz-200&1000-TF when z1 = [-100 nm, 100 nm] and
z2 = [-500 nm, 500 nm], current axial localization precision is more flat, due to the lower
√
CRLBz value at ±250 nm and larger value at z = 0 nm.
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Generally, this loss function is able to generate a phase mask that has better performance
than the initial Two-zone phase mask. The optimized phase mask has higher precision than
Tetrapod2 within z = [-145 nm, 145 nm], and it can almost overcome Tetrapod3 at all z
positions.

Figure 3.29: Limit of axial localization precision of optimized
phase mask using ψ0
P√
= Two-zone and loss = intensity inner product +
CRLBz when z1 range=[200 nm, 200
nm]
and
z
range=[-500
nm,
500
nm]
using
a gradient descent
2
√
algorithm. CRLBz of PSFs are calculated for 1000 detected photons, and a background
(QCRLB)
of 2 photons/pixel. σz
is calculated with the same photon number and 0 background.

Based on the three cases discussed above, when intensity inner product term is included
√
within the loss function, the optimized result can achieve a lower CRLBz while still holding
the characteristic of the initial Two-zone PSF.
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3.3

Tetrapod Phase Mask

In this section, the initial condition is set as the Tetrapod2 phase mask, which is the optimized
Tetrapod over z = [-1 µm, 1 µm]. Two loss functions
Loss =

Xp
CRLBz (zi ),

(3.10)

zi

and

!
Loss =

X X
x,y

I+ (z1 ) ◦ I− (z1 )

z1

+w×

Xp
CRLBz (z2 ),

(3.11)

z2

are implemented in the optimization algorithm using TensorFlow framework. Different z
ranges and w values are tested for each loss function.

3.3.1

Optimizing the Theoretical Lower Bound of Axial Localization Precision

Using a z range of [-250 nm, 250 nm] and interval of 50 nm
The optimized phase mask TP-CRLBz-500-TF generated by the gradient descent algorithm
using TensorFlow framework is shown in Figure 3.30a. The loss function (Equation 3.10)
equals 150.63 nm initially and becomes 135.18 nm after 3500 iterations.
The phase mask and PSF after optimization is presented in Figure 3.30. The optimized PSF
is a translating PSF whose photon distribution translates along diagonal axis as the defocus
changes, which is similar as the initial PSF’s pattern but with different translating speeds.
The total energy is distributed evenly to two sides along all defocus positions.
The phase mask in Figure 3.30a has a symmetric phase distribution, which has similar
pattern as the Tetrapod phase mask. When using a z range of [-250 nm, 250 nm], the
optimized phase gathers at the edge of the pupil plane. The up-left and bottom-right zones
have the same phase value and shape and so as the up-right and bottom-left parts. Both
the optimized phase mask and PSF have symmetry along the diagonal axis.
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(a) phase mask

(b) PSF

P√
Figure 3.30: Optimized phase mask using ψ0 = Tetrapod2 and loss =
CRLBz
with a z range of [-250 nm, 250 nm] using a gradient descent algorithm. (a) the
256 × 256 pixel phase-only mask, the colorbar represents the phase value in radians for each
pixel. (b) PSFs translate along diagonal line. Figures are simulated when Magnification
= 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical aperture NA = 1.4,
camera pixel size = 58.5 nm.

The axial localization precision of TP-CRLBz-500-TF is presented in Figure 3.31, with 1000
√
detected photons, and a background of 2 photons/pixel. The average CRLBz over z =
[-500 nm, 500 nm] is 13.19 nm. The peak precision appears at the in-focus position z = 0
nm, which is around 11.86 nm.
When compared to Tetrapod3 and Two-zone PSFs, TP-CRLBz-500-TF has better axial
localization precision along the entire z range, even at z = 0 nm where the Two-zone has
√
CRLBz = 12.3 nm. It’s better than Tetrapod2 within z = [-250 nm, 250 nm], which is
exactly the region we optimized.
Overall, this optimized phase mask achieves a higher precision than Two-zone at all z positions, and is better than Tetrapod2 within certain z ranges.
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Figure 3.31: Limit of axial localization
precision of optimized phase mask using
P√
ψ0 = Tetrapod2 and loss =
CRLB
√ z with a z range of [-250 nm, 250 nm]
using a gradient descent algorithm. CRLBz of PSFs are calculated for 1000 detected
(QCRLB)
photons, and a background of 2 photons/pixel. σz
is calculated with the same photon
number and 0 background.

Using a z range of [-500 nm, 500 nm] and interval of 100 nm
The optimized phase mask TP-CRLBz-1000-TF generated by the gradient descent algorithm
using TensorFlow framework is shown in Figure 3.32a. The loss function (Equation 3.10)
equals 153.81 nm initially and becomes 140.78 nm after 3500 iterations.
The phase mask and PSF after optimization is presented in Figure 3.32. The optimized
PSF is a translating PSF whose photon distribution translates along the diagonal axis as the
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defocus changes, which is similar as the pattern of TP-CRLBz-500-TF when z = [-250 nm,
250 nm] but with slightly different translating speed. The total energy is distributed evenly
to two sides along all z positions.
The phase mask in Figure 3.32a has symmetric phase distribution. In this case, phase gathers
around the center of pupil plane when using a z range of [-500 nm, 500 nm]. The up-left
and bottom-right zones have the same phase value and shape and so as the up-right and
bottom-left parts. Both optimized phase mask and PSF have symmetry along diagonal axis.

(a) phase mask

(b) PSF

P√
Figure 3.32: Optimized phase mask using ψ0 = Tetrapod2 and loss =
CRLBz
with a z range of [-500 nm, 500 nm] using a gradient descent algorithm. (a) the
256 × 256 pixel phase-only mask, the colorbar represents the phase value in radians for each
pixel. (b) PSFs translate along diagonal line. Figures are simulated when Magnification
= 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical aperture NA = 1.4,
camera pixel size = 58.5 nm.

The axial localization precision of TP-CRLBz-1000-TF is presented in Figure 3.33. The
√
average CRLBz along z = [-500 nm, 500 nm] is 12.72 nm for 1000 signal photons and 2
background photons/pixel. The peak precision appears at z = ±350 nm, which is around
11.95 nm.
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TP-CRLBz-1000-TF has better axial localization precision than Tetrapod3 and Tetrapod2
along the entire [-500 nm, 500 nm] range. When compared to Tetrapod2, it achieves a 8.5%
improvement of average axial localization precision. But it has worse precision than the
Two-zone within z = [-65 nm, 65 nm]. Although this optimized result has smaller average
√
CRLBz over z = [-500 nm, 500 nm] than the previous case TP-CRLBz-500-TF (13.19 nm),
its precision is lower when defocus position is from -200 nm to 200 nm.
Overall, the optimized result TP-CRLBz-1000-TF achieves a higher precision than Tetrapod3
and Tetrapod2 over entire 1 µm range, and is superior to that of Two-zone at most z positions
except the central region.

Figure 3.33: Limit of axial localization
precision of optimized phase mask using
P√
ψ0 = Tetrapod2 and loss =
CRLB
√ z with a z range of [-500 nm, 500 nm]
using a gradient descent algorithm. CRLBz of PSFs are calculated for 1000 detected
(QCRLB)
photons, and a background of 2 photons/pixel. σz
is calculated with the same photon
number and 0 background.
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3.3.2

Optimizing the Theoretical Lower Bound with Orthogonal
Projection

Using z ranges of z1 = [-100 nm, 100 nm] with interval = 100 nm and z2 = [-250
nm, 250 nm] with interval = 50 nm and w = 0.3
The optimized result TP-I+Cz-200&500-TF generated by the gradient descent algorithm
using TensorFlow framework is shown in Figure 3.34a. The loss function (Equation 3.7)
equals 55.72 initially and becomes 44.37 after 3500 iterations.
The phase mask and PSF after optimization is presented in Figure 3.34. The optimized phase
mask and PSF don’t maintain similar pattern as the initial Tetrapod2 due to the intensity
product term. Energy is shunted to one side as defocus position increases or decreases away
from z = 0 nm.

(a) phase mask

(b) PSF

Figure 3.34: Optimized
phase mask using ψ0 = Tetrapod2 and loss = intensity
P√
inner product +
CRLBz when z1 range=[-100 nm, 100 nm] and z2 range=[-250
nm, 250 nm] using a gradient descent algorithm. (a) the 256 × 256 pixel phase-only
mask, colorbar represents the phase value in radians for each pixel ranging from −π to π.
(b) PSFs lose the translating pattern. Figures are simulated when Magnification = 111.1,
refractive index n = 1.518, wavelength = 550 nm, NA = 1.4, camera pixel size = 58.5 nm.
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The eigenstate projection of TP-I+Cz-200&500-TF is shown in Figure 3.35. It can be seen
that eigenstates Φ+ and Φ− have relatively orthogonal projections onto the camera for in√
focus position z = 0 nm. A majority of the energy is shunted to one side of image. CRLBz
has low value at this position (precision = 12.02 nm, Figure 3.36).

(a) I+

(b) I−

Figure 3.35: Normalized I+ and I− of optimized
phase mask using ψ0 = Tetrapod2
P√
and loss = intensity inner product +
CRLBz when z1 range=[-100 nm, 100
nm] and z2 range=[-250 nm, 250 nm] using a gradient descent algorithm. (a)
I+ at various defocus positions. (b) I− at various defocus positions. Figures are simulated
when Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical
aperture NA = 1.4, camera pixel size = 58.5 nm.

The axial localization precision of TP-I+Cz-200&500-TF is presented in Figure 3.36. The
optimized localization precision is better than the initial Tetrapod2 phase mask within a
√
z range of around -175 nm to 175 nm. The algorithm decreases the CRLBz around the
√
in-focus position from 14.19 nm to 12.02 nm, but as a trade-off, the optimized CRLBz has
a low precision at around ±400 nm.
When compared with the Two-zone PSF, the optimized result TP-I+Cz-200&500-TF has
better performance within a z range of [-350 nm, 350 nm]. When comparing with Tetrapod3,
it has higher axial localization precision within z = [-300 nm, 300 nm].
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Generally, TP-I+Cz-200&500-TF can only achieve higher axial localization precision than
the initial Tetrapod2 within a small z range around the center.

Figure 3.36: Limit of axial localization precision of optimized
phase mask using ψ0
P√
CRLBz when z1 range=[= Tetrapod2 and loss = intensity inner product +
100 nm, 100
nm]
and
z
range=[-250
nm,
250
nm]
using
a gradient descent
2
√
algorithm. CRLBz of PSFs are calculated for 1000 detected photons, and a background
(QCRLB)
of 2 photons/pixel. σz
is calculated with the same photon number and 0 background.
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Using z ranges of z1 = [-100 nm, 100 nm] with interval = 50 nm and z2 = [-500
nm, 500 nm] with interval = 100 nm and w = 0.3
The optimized result TP-I+Cz-200&1000-TF generated by the gradient descent algorithm
in TensorFlow framework is shown in Figure 3.37a. The loss function (Equation 3.7) equals
55.72 initially and becomes 44.37 after 3500 iterations.
The phase mask and PSF after optimization is presented in Figure 3.37. The optimized
phase mask and PSF don’t have similar patterns of phase and photon distribution as the
initial Tetrapod2 due to the intensity product term. Although phase mask still has four
zones with symmetric shape with respect to the vertical axis, the shape of zones are different
from Tetrapod2’s. Energy in PSFs is shunted to one side as defocus position increases or
decreases away from z = 0 nm.

(a) phase mask

(b) PSF

Figure 3.37: Optimized
P √ phase mask using ψ0 = Tetrapod2 and loss = intensity
inner product +
CRLBz when z1 range=[-100 nm, 100 nm] and z2 range=[500 nm, 500 nm] using a gradient descent algorithm. (a) the 256 × 256 pixel phaseonly mask, the colorbar represents the phase value in radians for each pixel. (b) PSFs lose
the translating characteristic. Figures are simulated when Magnification = 111.1, refractive
index n = 1.518, wavelength = 550 nm, numerical aperture NA = 1.4, camera pixel size =
58.5 nm.
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The eigenstate projection of TP-I+Cz-200&1000-TF is shown in Figure 3.38. It can be seen
that states Φ+ and Φ− have relatively orthogonalprojections onto the camera for defocus
values between -100 nm and 100 nm. A majority of the energy is shunted to one side of
√
image. CRLBz has low values within this range (mean precision = 12.66 nm, Figure 3.39).

(a) I+

(b) I−

Figure 3.38: Normalized I+ and I− of optimized
phase mask using ψ0 = Tetrapod2
P√
and loss = intensity inner product +
CRLBz when z1 range=[-100 nm, 100
nm] and z2 range=[-500 nm, 500 nm] using a gradient descent algorithm. (a)
I+ at various defocus positions. (b) I− at various defocus positions. Figures are simulated
when Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical
aperture NA = 1.4, camera pixel size = 58.5 nm.

The axial localization precision of TP-I+Cz-200&1000-TF is presented in Figure 3.39. The
optimized localization precision is better than the initial Tetrapod2 phase mask within a
√
z range of around -150 nm to 150 nm. The algorithm decreases the CRLBz around the
√
in-focus position from 14.19 nm to 12.93 nm, but as a trade-off, CRLBz of TP-I+Cz200&1000-TF has a low precision at around ±350 nm. If comparing the current case with
the previous one TP-I+Cz-200&500-TF when z2 range is [-250 nm, 250 nm], we find that
although the current peak precision (12.93 nm) is worse than that of the previous case (12.02
√
nm), current CRLBz has better performance at around ±350 nm.
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When compared to Two-zone, the optimized phase mask has better performance over the
entire 1 µm z range. And it is superior to that of Tetrapod3 at most z positions.
Generally, TP-I+Cz-200&1000-TF only has better performance than the initial condition
Tetrapod2 within a small z range around the in-focus point.

Figure 3.39: Limit of axial localization precision of optimized
phase mask using ψ0
P√
CRLBz when z1 range=[= Tetrapod2 and loss = intensity inner product +
100 nm, 100
nm]
and
z
range=[-500
nm,
500
nm]
using
a gradient descent
2
√
algorithm. CRLBz of PSFs are calculated for 1000 detected photons, and a background
(QCRLB)
of 2 photons/pixel. σz
is calculated with the same photon number and 0 background.

Based on the two results shown above, this loss function is only able to optimize the per√
formance of Tetrapod2 within a small region around the in-focus point, CRLBz becomes
worse as defocus position increases or decreases away from z = 0 nm.
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3.4

Direct Design of PSF

In this section, I directly design new PSFs, composed of photon distributions that rotate or
translate, that are inspired by existing point spread functions but contain superior Fisher
information. For instance, I can design rotating PSFs with different rotation rates based on
the pattern of Double Helix, and translating PSFs with various expanding speeds based on
the pattern of Tetrapod.
Firstly, I design a set of new PSFs Idesired that can theoretically achieve a higher axial
localization precision than existing PSFs. Then we use an optimization algorithm in the
TensorFlow framework to find the phase mask ψ that matches to these PSFs at corresponding
z positions. The loss function would be:
!
Loss =

X X
x,y

|P SFψ (z) − Idesired (z)|2 ,

(3.12)

z

with

P SFψ (z) = F e−jψ hdef ocus (z)
and

2



q
hdef ocus (z) = exp jn1 kz 1 − x2F − yF2 ,

(3.13)

(3.14)

where z is the defocus position, n1 is the refractive index of the immersion media (equal
to 1.518 for an oil-immersion lens), k is the wavenumber, and xF , yF represents the pupil
coordinates.
The initial condition is set as Double Helix (DH) for rotating PSF pattern and Tetrapod2
for translating PSF pattern.
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3.4.1

Rotating PSF

Our model of a rotating PSF, having size of 256 × 256 pixels, consists of 2 spots that rotate
around the center point as defocus position increases or decreases away from z = 0.
For PSF design, we can quantify the spot position with respect to z position.
Center position 1 is defined as:
µu1 = d cos (αz),

(3.15)

µv1 = d sin (αz).

(3.16)

µu2 = d cos (αz + π),

(3.17)

µv2 = d sin (αz + π),

(3.18)

Center position 2 is defined as:

where d controls the distance between two spots and α represents the rotating speed.
The PSF is defined as
IGaussian (u, v) = exp(−

(u − µu1 )2 + (v − µv1 )2
(u − µu2 )2 + (v − µv2 )2
)
+
exp(−
),
2s2
2s2

(3.19)

where s is the width of a diffraction-limited Airy disk (λ/2N A ≈ 250 nm for visible light).
One example of designed PSFs at different defocus positions is shown in Figure 3.40.

Figure 3.40: Example of rotating PSFs design. [−xmax , xmax ] represents the range of
8
x axis. Distance between two spots is 2d, where d = 128
xmax .
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Since we aim to optimize the axial localization precision within a 1 µm range, the maximum
rotation rate α should be 90◦ /500 nm = 0.18◦ /nm.
n
xmax ,
When calculating the axial localization precision of designed PSFs, we choose d = 128
where n = [3, 15], and α = [0.06, 0.18] degree per nm. The original Double Helix PSF has
8
d ≈ 128
xmax and α ≈ 0.06◦ /nm.

√
We can calculate the CRLBz of designed PSFs (using Equation 1.5) with various d and
α at the in-focus position for 1000 detected photons, and a background of 2 photons/pixel.
√
The dependence of CRLBz on parameters of the rotating PSF is presented in Figure 3.41.
The yellow line indicates Limit of axial localization precision of Double Helix at z = 0 nm,
which is 15.31 nm.

√
Figure 3.41: CRLBz of rotating PSF at z = 0 nm with various d and α. d =
n
xmax , where n = 3 ∼ 15. α = 0.06 ∼ 0.18 degree per nm. The yellow line indicates
128
√
(QCRLB)
CRLBz (15.31 nm) of Double Helix at z = 0 nm. The red line indicates σz
=
5.1487 nm when there are 1000 detected photons and 0 background.
√
It is obvious that CRLBz decreases when d and α increase since larger intensity differences
between two close z positions create smaller CRLBz values around these points.
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After designing the PSF parameters, we choose a set of PSFs at various z positions, i.e. -200
nm, -100 nm, 0 nm, 100 nm, 200 nm, and input them into the optimization algorithm. We
tested several d and α values and Figure 3.42 presents the optimization result DH-directx
and α = 0.14◦ /nm. The loss function is set as Equation 3.12,
MSE-TF when d = 10.5
128 max
which equals 6.94 initially and becomes 5.06 after 10000 iterations.

(a) phase mask

(b) PSF

Figure 3.42: Optimized result for rotating PSF when d = 10.5
x
and α =
128 max
◦
0.14 /nm. (a) the 256 × 256 pixel phase-only mask, the colorbar represents the phase value
in radians for each pixel ranging from −π to π. (b) Rotating PSF. Figures are simulated
when Magnification = 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical
aperture NA = 1.4, camera pixel size = 58.5 nm.

The optimized phase mask has close shape as the initial condition (shown in Figure 1.4a),
and PSF also has similar pattern with Double Helix PSF [19] but without the side lobe. Comparison of original DH PSF, desired PSF and optimized PSF at different defocus positions
is shown in Figure 3.43.
For optimized PSF, its distance between two spots is larger than DH PSF, but still slightly
smaller than the spot distance of direct designed PSF. As for the rotation rate, optimization
algorithm does not improve that much comparing to the initial condition, which is one of
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the reasons that the axial localization precision of optimized PSF cannot be as good as the
direct designed PSF.

Figure 3.43: Comparison of original DH PSF, desired rotating PSF and optimized PSF at different z positions. (i) Double Helix PSF. (ii) Direct designed PSF
x
and α = 0.14◦ /nm. (iii) Optimized PSF.
when d = 10.5
128 max

The axial localization precision of DH-direct-MSE-TF is presented in Figure 3.44. It appears
the optimized localization precision is better than the initial Double Helix phase mask along
the entire 1 µm. The algorithm decreases the value at the in-focus position from 15.31 nm
√
to 14.46 nm. The average CRLBz of this optimized PSF over z = [-500 nm, 500 nm] is
13.94 nm. The peak precision occurs at z = -300 nm, which is around 13.17 nm.
When compared to the Tetrapod2 PSF, the optimized PSF has better axial localization
precision at certain positions, e.g. between 50 nm and 200 nm. The optimization algorithm
√
is able to decrease CRLBz value close to Tetrapod2, but it cannot reach the calculated
axial localization precision (2.635 nm at z = 0 nm) of direct designed PSF.
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Overall, DH-direct-MSE-TF is superior to that of both the Double Helix and Tetrapod3
PSFs for all values of z, and is better than Tetrapod2 at certain z positions.

Figure 3.44: Limit of axial localization precision of optimized rotating
√ phase
10.5
◦
mask using direct design of PSF when d = 128 xmax and α = 0.14 /nm. CRLBz
of PSFs are calculated for 1000 detected photons, and a background of 2 photons/pixel.
(QCRLB)
σz
= 5.1487 nm is calculated with the same photon number and 0 background.
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3.4.2

Translating PSF

Our model of a translating PSF, having a size of 256 × 256 pixels, consists of 2 spots that
expand in opposite directions along the diagonal axis when defocus changes.
For PSF design, we can quantify the spot position with respect to z position.
Center position 1 is defined as:

 π
µu1 = dz cos ± ,
4
 π
µv1 = dz sin ± .
4

(3.20)
(3.21)

Center position 2 is defined as:
 π

µu2 = dz cos ± + π ,
4
 π

µv2 = dz sin ± + π ,
4

(3.22)
(3.23)

where d controls the distance between two spots.
The PSF is defined as
(u − µu1 )2 + (v − µv1 )2
(u − µu2 )2 + (v − µv2 )2
IGaussian (u, v) = exp(−
) + exp(−
),
2s2
2s2

(3.24)

where s is the width of a diffraction-limited Airy disk (λ/2N A ≈ 250nm for visible light).
One example of translating PSF is shown in Figure 3.45.

Figure 3.45: Example of translating PSF design. Distance between two spots is dz.
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n
xmax ,
When calculating the axial localization precision of designed PSFs, we choose d = 128
1.25
where n = [1, 4]. The original Tetrapod2 PSF has d ≈ 128 xmax . [−xmax , xmax ] represents
the value range of x axis.

√
We can calculate the CRLBz of designed PSFs (using Equation 1.5) with various d at
the in-focus position for 1000 detected photons, and a background of 2 photons/pixel. The
specific value is presented in Figure 3.46. The dashed green line indicates the limit of axial
localization precision of Tetrapod2 at z = 0 nm, which equals 14.19 nm.
√
It is obvious that CRLBz decreases when d increases since larger intensity differences
between two close z positions create smaller CRLBz values around these points.

√
n
xmax ,
Figure 3.46: CRLBz of translating PSF at z √
= 0 nm with various d. d = 128
where n = 1 ∼ 4. The green dashed line indicates CRLBz (14.19 nm) of Tetrapod2 at z
(QCRLB)
= 5.1487 nm when there are 1000
= 0 nm. The red dash-dotted line indicates σz
detected photons and 0 background.

After formulating the model of the translating PSF, we choose a set of PSFs at various z
positions, i.e. -200 nm, -100 nm, 0 nm, 100 nm, 200 nm, and input them to the optimization
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algorithm. Several d values are tested in the optimization algorithm and two optimized
results TP-MSE-25-TF and TP-MSE-35-TF will be presented in the following paragraphs.

2.5
xmax . The loss
Figure 3.47 presents the optimization result TP-MSE-25-TF when d = 128
function (Equation 3.12) equals 5.07 initially and becomes 3.92 after 10000 iterations.

(a) phase mask

(b) PSF

2.5
Figure 3.47: Optimized result for translating PSF when d = 128
xmax . (a) the 256 ×
256 pixel phase-only mask, the colorbar represents the phase value in radians for each pixel.
(b) Translating PSF along diagonal axis. Figures are simulated when Magnification=111.1,
refractive index n=1.518, wavelength=550 nm, numerical aperture NA=1.4, camera pixel
size=58.5 nm.

The optimized PSF is close to the initial condition, and phase mask also has similar pattern
with Tetrapod2 (Figure 1.5a) but has different shape at each zone. Comparison of original
Tetrapod2 PSF, desired PSF and optimized PSF at different defocus positions is shown in
Figure 3.48.
For optimized PSF, two spots expands slightly faster than Tetrapod2 PSF, but is still slower
than the direct designed PSF. For instance, at z = -200 nm, Tetrapod2 PSF has more energy
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at the center than two sides, the optimized PSF has energy almost evenly distributed along
the line while the two-spot pattern still can’t be distinguished, and direct designed PSF
already has a clear two spots image. Translation rate is one of the reasons that the axial
localization precision of optimized PSF cannot be as good as direct designed PSF.

Figure 3.48: Comparison of original Tetrapod2 PSF, desired rotating PSF when
2.5
xmax and optimized PSF at different z positions. (i) Tetrapod2 PSF. (ii) Direct
d = 128
2.5
designed PSF when d = 128
xmax . (iii) Optimized PSF.

The axial localization precision of TP-MSE-25-TF is presented in Figure 3.49. It appears
the optimized localization precision is better than initial phase mask within certain z range.
The algorithm decreases the localization precision value at the in-focus position from 14.19
√
nm to 11.25 nm, where the peak precision occurs. The average CRLBz of this optimized
PSF over z = [-500 nm, 500 nm] is 13.46 nm.
When compared to Tetrapod2, the optimized PSF has better axial localization precision at
certain positions, e.g. [-500 nm, -400 nm], [-200 nm, 200 nm], and [400 nm, 500 nm]. The
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√
optimization algorithm is able to decrease CRLBz at z = 0 nm to 11.25 nm, which is
(QCRLB)
smaller than Two-zone (12.3 nm), but it still cannot reach the calculated σz
.
Overall, TP-MSE-25-TF is superior to that of the Tetrapod2 PSF within certain z ranges,
and has better performance than Two-zone and Tetrapod3 over entire 1 µm.

Figure 3.49: Limit of axial localization precision of√optimized translating phase
2.5
xmax . CRLBz of PSFs are calculated
mask using direct design of PSF when d = 128
(QCRLB)
for 1000 detected photons, and a background of 2 photons/pixel. σz
= 5.1487 nm is
calculated with the same photon number and 0 background.
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3.5
xmax . The loss
Figure 3.50 presents the optimization result TP-MSE-35-TF when d = 128
function (Equation 3.12) equals 6.01 initially and becomes 4.99 after 10000 iterations.

(a) phase mask

(b) PSF

3.5
Figure 3.50: Optimized result for translating PSF when d = 128
xmax . (a) the
256 × 256 pixel phase-only mask, the colorbar represents the phase value in radians for each
pixel. (b) Translating PSF along diagonal axis. Figures are simulated when Magnification
= 111.1, refractive index n = 1.518, wavelength = 550 nm, numerical aperture NA = 1.4,
camera pixel size = 58.5 nm.

The optimized PSF is close to the initial condition, and phase mask also has similar pattern
with the previous case TP-MSE-25-TF but with different value at each zone. Comparison
of original Tetrapod2 PSF, desired PSF and optimized PSF at different defocus positions is
shown in Figure 3.51.
For the optimized PSF, two spots expands faster than the original Tetrapod2 PSF, but it
still has slower translation rate than designed PSF. For instance, at z = -200 nm, Tetrapod2
PSF has more energy at the center than at two ends, the optimized PSF has energy almost
evenly distributed along the line with the two-spot pattern can roughly be distinguished,
and direct designed PSF already has a clear two spots image. Translation rate is one of the
reasons that the axial localization precision of optimized PSF cannot be as good as direct
designed PSF.
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Figure 3.51: Comparison of original Tetrapod2 PSF, desired rotating PSF when
3.5
xmax and optimized PSF at different z positions. (i) Tetrapod2 PSF. (ii) Direct
d = 128
3.5
designed PSF when d = 128
xmax . (iii) Optimized PSF.

The axial localization precision of TP-MSE-35-TF is presented in Figure 3.52. The optimized
localization precision is better than the initial phase mask within certain z range. The
algorithm decreases the value at the in-focus position from 14.19 nm to 11.05 nm. The
√
average CRLBz of this optimized PSF over z = [-500 nm, 500 nm] is 14.49 nm.
TP-MSE-35-TF is better than Tetrapod3 at most z positions except two small regions around
z = ±300 nm. When compared to Tetrapod2, the optimized PSF has better axial localization
precision within certain regions, e.g. [-180 nm, 180 nm]. The optimization algorithm is able
√
to decrease the in-fcous position value of CRLBz smaller than Two-zone (12.3 nm), but it
(QCRLB)
still hasn’t reach the calculated σz
= 5.1487 nm.
2.5
Compared the previous this optimized PSF TP-MSE-25-TF when d = 128
xmax , this result
√
has higher precision around z = 0 nm, but as a trade-off it has larger CRLBz value at z
= ±300 nm.
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Overall, TP-MSE-35-TF is superior to that of the Tetrapod2 PSF within certain z ranges,
and has better performance than the Two-zone PSF at all z positions.

Figure 3.52: Limit of axial localization precision of√optimized translating phase
3.5
mask using direct design of PSF when d = 128
xmax . CRLBz of PSFs are calculated
(QCRLB)
for 1000 detected photons, and a background of 2 photons/pixel. σz
= 5.1487 nm is
calculated with the same photon number and 0 background.

In general, the direct design of rotating PSF allows us to achieve higher axial localization
precision than Double Helix along entire 1 µm z positions, and direct design of translating
PSF is able to generate phase mask that has better performance than Tetrapod2 within
certain z ranges.
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3.5

Comparing the Performance of the Optimized PSFs
and Outlook

Performance of optimized results are evaluated based on three criteria: global performance,
local performance and overall improvement comparing with initial condition.
Regarding the global performance, dumbbell PSF, i.e. TZ-CRLBz-1000-TF, in Section 3.2.1
has the highest average axial localization precision along z of 12.7 nm for 1000 signal photons and 2 background photons/pixel over a depth range of 1000 nm, an improvement of
8.7% over the Tetrapod PSF. TP-CRLBz-500-TF in Section 3.3.1 has the highest average
axial localization precision along z of 12.29 nm for 1000 signal photons and 2 background
photons/pixel over a depth range of 500 nm, an improvement of 10.23% over the Tetrapod
PSF.
Regarding the local performance at the in-focus point, TZ-CRLBz-500-TF in Section 3.2.1
√
and TP-MSE-35-TF in Section 3.4.2 both achieve small CRLBz value around that position.
TZ-CRLBz-500-TF achieves an axial localization precision of 10.87 nm at z = 0 nm, which
is the lowest value among all optimized results. However, the disadvantage of this optimized
result is that the changes in the PSF become difficult to distinguish for defocus positions
smaller than -300 nm. TP-MSE-35-TF has localization precision along z of 11.05 nm at the
in-focus position for 1000 signal photons and 2 background photons/pixel. It can overcome
Tetrapod2 within some z regions, and has better performance than Two-zone over entire 1
µm range.
Regarding the overall improvement of optimized result comparing with initial condition,
performance of DH-direct-MSE-TF in Section 3.4.1 is superior to that of the initial Double
Helix at all z positions. The optimization algorithm decreases the axial localization precision
√
value at the in-focus position from 15.31 nm to 14.46 nm. The average CRLBz of DHdirect-MSE-TF over 1 µm z range is 13.94 nm, which has an improvement of 12.33% over
the Double Helix PSF.
The limit of axial localization precision of the aforementioned PSFs are plotted in Figure
3.53.
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Figure
3.53: Limit of axial localization precision of optimized phase mask.
√
CRLBz of PSFs are calculated for 1000 detected photons, and a background of 2 photons/pixel.

Figure 3.54 summarizes the optimization algorithm, loss function and initial condition of
the aforementioned optimized PSF. It appears that the gradient descent algorithm in the
TensorFlow framework does the best job in the optimization approaches. While using loss
function that only contains axial localization precision, the optimized result would have a
superior global performance. The direct design of PSF has potential to generate PSFs that
contain superior axial localization precision within certain z range.
When Tetrapod is set as the initial condition and loss function is average axial localization
precision, the optimization problem is less convex since the generated results mostly maintain
the translating PSF pattern. However, when using the same loss function but changing initial
condition to Two-zone, the optimization problem is more convex because the resulting PSF
loses the two-spot PSF pattern of initial condition.
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Figure 3.54: Comparison of the optimized PSFs for various criteria.

In this thesis, we tested various loss functions, constraints, and initial conditions in order
to optimize the performance, e.g. CRLBz , of each design using a Quasi-Newton algorithm
in Matlab and a gradient descent algorithm in the TensorFlow framework. I also design
new rotating and translating PSFs that are inspired by existing PSFs but contain superior
Fisher information. I use our optimization framework to design corresponding optimized
phase masks and quantify the performance of these new designs. The studies show that the
axial localization precision of existing PSFs, such as the Tetrapod and Double Helix, can be
improved using our approach. Still, there are aspects of this method that can be improved
in future work.
In Section 3.4, one reason of having limited improvement on phase mask performance is
because our loss function is Mean Squared Error (MSE), which may have poor global convergence to our desired solution because it only contains information about the intensity
difference. One way of improving the algorithm is using optimal transport [20] as a loss
function instead of MSE. Optimal transport may provide the best information on how to
move the design in question towards the target.
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Appendix A
Index of Names of Optimized PSFs
This appendix explains how we entitle the optimized results that generated under different
conditions. A shorthand name mainly consists of four parts: initial condition, loss function,
z range and optimization approach.
For initial condition (I.C.), “TZ” is the shorthand of Two-zone phase mask, “rand-zer” for
random Zernike polynomials, “TP” for Tetrapod and ”DH” for Double Helix.
P√
P√
CRLBz , Intensity inner product+
CRLBz
The loss functions we mainly used are N1
and Mean Square Error, which are placed in the second term.
The third part is for z ranges that input into the optimization algorithm, which ranges from
200 nm to 1000 nm. One special case is in the direct design of PSF, when initial condition
is Tetrapod2, we encode the value of d in the third term instead of z range.
The last part represents the optimization method, “ML” is the shorthand of using quasinewton algorithm in Matlab and “TF” stands for using gradient descent algorithm in the
Tensorflow framework.
Specific expression of shorthand name for different optimized results is listed in Table A.1.
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Table A.1: Shorthand name table for optimized phase masks
I.C.

Method
quasi-newton
algorithm

Loss
1
N

P√

P√
Two-zone

CRLBz

CRLBz

gradient descent

z range

Shorthand

[-250 nm, 250 nm]

TZ-CRLBz-500-ML

[-500 nm, 500 nm]

TZ-CRLBz-1000-ML

[-250 nm, 250 nm]

TZ-CRLBz-500-TF

[-500 nm, 500 nm]

TZ-CRLBz-1000-TF

z1 :[-100 nm, 100 nm]

algorithm
I+

P√

CRLBz

TZ-I+Cz-500-TF

z2 :[-250 nm, 250 nm]
z1 :[-100 nm, 100 nm]

TZ-I+Cz-200&1000-TF

z2 :[-500 nm, 500 nm]
z1 :[-200 nm, 200 nm]

TZ-I+Cz-400&1000-TF

z2 :[-500 nm, 500 nm]
Random

quasi-newton

Zernike

algorithm

P√
P√

Tetrapod2

gradient descent
algorithm
I+

CRLBz
CRLBz

P√

[-250 nm, 250 nm]

rand-zer-CRLBz-500-ML

[-500 nm, 500 nm]

rand-zer-CRLBz-1000-ML

[-250 nm, 250 nm]

TP-CRLBz-500-TF

[-500 nm, 500 nm]

TP-CRLBz-1000-TF

z1 :[-100 nm, 100 nm]
CRLBz

TP-I+Cz-200&500-TF

z2 :[-250 nm, 250 nm]
z1 :[-100 nm, 100 nm]

TP-I+Cz-200&1000-TF

z2 :[-500 nm, 500 nm]
Direct design

d=

MSE

of PSF:

gradient descent

DH &

algorithm

10.5
x
128 max
◦

DH-direct-MSE-TF

α = 0.14 /nm
d=

MSE

Tetrapod2

d=
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2.5
x
128 max
3.5
x
128 max

TP-MSE-25-TF
TP-MSE-35-TF
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